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Mathematical modeling of vibrations of multilayerddotro-viscoelastic material plates with passiverggalissipation
and the optimal design problem of plates by maximum ohngpiterion using genetic algorithms are considre
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Poszensoaromocsa memoou mamemamuyno20 MoOeno6anHsa KOIUuéanb NAACMul 3 wapamu eﬂekmpog’;wkonpy.wcnux ma-
mepianié 3 NACUBHUM PO3CIAHHAM eHepeii i 3a0aua ONMUMAILHO20 NPOEKMYEAHH MAKUX NIACTIUH 34 KPUMeEPIEM MaKcuma-
JIbHO20 OeMN@ipy8anHs 3a 00NOMO20I0 MeMooy ONMUMI3ayii Ha OCHOBI 2eHEMUYHO20 AN2OPUMMY.

Kniouogi cnosa: 6acamowiapogi niacmunu, eneKmpog’ I3BKONPYICHL Mamepianu, nacueHe po3cisnis enepeii, demngipy-
B8dHHA KOJIUBAHD, 0nmuMi3a14i}z, 2eHemu4Hi aneopummu.
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Pacawampuearomc;l Memoobl MaAmemamuyecko20 MOOE/ZMPOSLIHM}Z KoJIeOaHUll NIACMUR CO CNLOSIMU INIEKMPOBA3KOYnpy-
cUX mamepuaoes ¢ NacCUBHbIM paccesinuem IHepeuu u 3a0aya onmumMuzayu maxKux niaiacmun no Kpumepuro MakCumailbHo2co
()eMn(j)upoeaHuﬂ C NoOMouibio Mmemooa ONMuUMU3aAyUU Ha OCHOBE CeHeMuU4eCcKo2o aicopummda.

Knrwoueevie cnosa: mnozocnoiinvie NaacmuHnbl, 3JIeKMpO6A3Koynpyzue mamepuaibl, NadcCU8Hoe paccesinue SHepeuu, oem-
nqbupoeaﬁue Ko.ae&muﬁ, ONMUMU3AYUA, ceHemuUdecKue aicopunmaol.

Introduction. Thin-walled structural elements of viscoelastianpmsite materials are
widely used in engineering, aerospace, shipbuildimg) other fields of technology.

The advantages of fiber-reinforced composite matern comparison with homogeneous
ones are high specific stiffness, wide operatingperature range and the potential for
significant variable damping, which is the detenmgnfactor for structures working under
dynamic loads. The problem of vibration dampingiictures with homogeneous structural
materials, formulated by G. S. Pysarenko and hisodac[1l, 2, 3], has received further
development towards the using of composite matefid) 4] and rational distribution of
damping materials in structures to ensure maximy@rational parameters, in particular,
energy dissipation [4].

A potential for wide variation of physical and maaical properties by changing the
design parameters, including changes in fiber tatean and fiber concentration in order to
obtain materials with desired properties was thenrttang that attracted designers. This led
to the possibility of design optimization by criteof stiffness, mass, damping, and others [4].

The appearance of materials with special properfmezoelectric materials, shape-
memory alloys, etc.) intensified research towatts ¢reation of structures with maximum
passive and regulated energy dissipation [5]. Tweldbpment of this line of investigations is
associated primarily with research of V. H. KarnaoKs school [6, 7] in Ukraine and Ural
Branch of Russian Academy of Sciences under tleetin of V. Matveyenko [8] in Russia.

Foreign scientists’ research started to developnsitely several years earlier and at
present have reached the level of practical usactive and passive damping in the special
purpose structures [9].

Efficient use of materials with special propertissassociated with development and
application of the optimization techniques. An ap#ation problem involves finding the
vector of design parameters that provides extretvjectve function value under given
constraints on the design parameters. This is eaed conditional global optimization
problem. Most optimization methods are aimed atctsag for local extremum, but there are
techniques that can increase the likelihood ofrdateng the global extremum.

In this paper a method based on the use of thetigexigorithm [10] is applied.

Mathematical Model of a Multi-Layer Plate. This paper presents a method of selecting
optimal parameters for multilayered plates withceleviscoelastic material layers having
modified damping properties due to external dampiegtrical circuits (shunts).

Dynamics variational equation [5, 11] of electrgsanelastic solid of volume V, bounded

by area S with the external forc& set on one part 0B, and the electric chargéks on the

other part ofS,, was used to construct a mathematical model oflyimamics of the electro-
viscoelastic material plate:

2
pjéqu—fdwjaaTodv—jéJ R dS |8 E Ddw [80T g dSO, (1)
v dt v S v S
where U, €,0 are displacements, strains and stresses respgctive- electric field, D —

electric displacement) — potential.

Dividing the plate by depth into n layers (Fig. i obtain the computational equations
for the i-th layer.
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Fig. 1. Multi-layer plate
a — nodal planes, b — nodal displacements and pialsn
To approximate the displacements and potentiallbje depth the linear Lagrange
polynomial is used, and in the plane layers théa@ly defined functions of coordinates in
compliance with the fixation conditions at the elagds used. The parameters of a layer, either
viscoelastic or electro-viscoelastic one, are dated according to the accepted synthesis
method of multilayered plates [12], then the fudickage of layers is formed in a traditional
way, using boundary conditions on the contact seda

The linear approximation of the displacemepntsand the potentiap by depth in the i-th
layer is accepted as:

U=Nyu, = Ny, (2)

where Ny, Ny are approximation function matricesy ,¢, — nodal displacement and
potential (Fig. 1b):

\ NNy, NGNY, NSNY, 0 0 0

u- 2 2 2

0 0 0 NZNj, NZN§, NNG

Ny =| NENS, N%N"’Xy] |\FZ=(1—E), N22=—§.
u=[u, b, Uy, Uy, U5, 4, 0=[0 10 ]

3)
Functions Nxy, Nxy, Ny, Ny are selected according to the fixation conditiofisthe

layer on the edges of the plate.

The strain tensor (in vector notation) and the telecfield vector considering
discretization are given as:

e= AN E=-A N9, (4)
where

_ -T _
9 9 9 0229 0
ox 0z 0y X
0 0 0 0

=0 — 0 — 0 —| , =—|—. 5

A oy 0z 0 X " oy ®)
P R 2
| 0z dy 0x | L0 ]
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As is known [11], most piezoelectric materials déxhiproperties of linear hereditary
environment at low strain and electric field intéynsalues.
Linear dependences of the hereditary theory otmlagscoelastic material are given

t t
o(X,) = [R(X, t=0)&(X1)d - R( X t1) E Xr) 4,
as: (1 Ot (6)
D(x,t):jKe(x,t—r)e(x,r)dwj R(X t1) H X1) d,
0 0

where R.( X, t-1), R( X t-1), R( X t71) are relaxation functions matrices of viscoelastic,
piezoelectric and dielectric material propertiespeztively, G(X,t), D(X,t) — stress and

electric displacement,é(X,t), E(X,t) — electric field change and deformation velocity

respectivelyX — coordinate axes vector.
We express the equation (6) using the concept ohvaation functions

t
a*b :ja(x, t—1)b( X,T) dr, and obtain
0

0=R*t-R*E D=Re¢+ R L (7)
After substituting physical dependences (7) in #&qua(l), we get the variational
dynamic equations of the i-th electro-viscoelaktyer as:

[ @u)Tpudv+ [ (%) (R*e- R* B dw-[(3 )}/ g dS

Y% \% S

-[(3E)" (R*&+ R B dv- [(3¢)" g ds0. ©
v S

Further we use the displacements and potentialoappations introduced above (2)-(4),
and take the displacement and potential vectoatrans outside the integral sign, equating to
zero the multipliers of variations. As a result, witain a system of integro-differential
equations for the vector potential and displacesasat

I\/qu[jk+ Kuu* L.‘k"' Kl¢* ) k= F ©)
Kou ™ Uk + Kpo* 9k =Q

where
My = [PNI NGV, K= [ Bf ReBydV Ky =[ Bl R dV
. T ' T . T J (10)
Kou=[By ReBydV: Ky= B' Rpadv E[ N gds & N gds
Y% Y% S S
We apply to (9) the direct Fourier transform [1Bdaobtain the equation system for the
Fourier images of displacemenisand potential :
—w" M+ Ky 0+ Kb = F+ 1,
Koul+ Kpo® = Q,
where = jwMu(0)+M p(0), j=v-1, and u(0), u(0) are initial displacement and
initial velocity of layer nodal points respectively

(11)
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uu=IpNTN dv, kuu=£ TRV Ky = j Bl "ep dV

IB¢T~ BV K = I% kg dv FI N ds @j N ds

where My, — mass matrix,Kuus Kuw+ Ko Kop — stifiness, piezoelectric, coupling and
capacitance complex matrices respectivEIyQ — the external mechanical force and electric

charge, C, & k — the viscoelasticity constants, the piezoeleatoapling coefficients, the
dielectric constants complex matrices respectively.

The equation (11) differs from (9) by a reasonabtgeptial for using frequency-
dependent modules in analysis of non-stationary ranti-frequency vibrations [3, 4], and
the capability to account initial conditions.

It is known [7] that the application of piezoeléctmaterials is caused not due to their
vibration damping ability, which is comparably l@gainst special viscoelastic materials, but
due to the potential of increasing the passive diagnpy converting mechanical energy into
electrical energy and then into heat (sensors), ndreating efforts opposite to structure
deformation (actuators).

Without further analysis of costs and benefits liése two methods, in this paper we
restrict ourselves to the passive damping anabysisobtain the piezoelectric layer vibration
equations, where the damping increase is caus#étkhyse of special devices (shunts).

Note that using electrical shunts makes possildectbating of special materials capable
of reacting to the effect of an electric currentsgnificant increase of damping properties.

Returning to equations (11), we consider the vibnabf the plate with an attached RL-

shunt (Fig. 2).
l )
M / R 5

A |

Fig. 2. Plate with an attached RL-shunt

As shown in [6, 9], vibration equation of the pielsxtric material plate can be used to
analyze several cases of exploiting piezoelect@tenal properties. In particular, when the
electrodes are supplied by the voltage (potertial the electromechanical load that makes
the piezoelectric element function in the mode xafitation of oscillations (actuator) can be
created. In this case the vibration equation igaheis:

~6?Ma+ Ky 0= F- Ry (12)
In an open circuiQ =0, and the equation for the natural frequencies anckfl vibration
analysis is obtained as:
—w’Ma+(Kyy — Ky Kog Ky 0= F. (13)
To account the attached external passive compgn#msequation (13) can be used,

extending its matrixe¢ with a matrix or a matrix sum that describes ttached external
elements.

Specifically, for the parallel RL-shunt, matr*i§<¢¢ is supplemented by matricgq)L and K¢R
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_szu+(KUU_KL¢(K¢¢+K¢R+K¢L)_1+ K¢l,)l]:|~:+ f, (14)

el ) el -

The equation for the free vibration analysis coesidy additional damping and the initial
conditions is obtained from (14) witg = as:

—w’Ma+(Kyy = Ky (Kpp = Ko r* Ky ) Ky 0= jMU(0)+ Mu(0). (16)

Design of plate with maximum damping.Let us consider the example of calculation and
parameters optimization of a three-layer plate wathctro-viscoelastic outer layers and
passive material internal layer (Fig. 3). To make three-layer plate model we use the
equations derived above for one layer, the comgfraof displacement equality at the
contiguous planes, as well as the constraints tdnpial equality at the connection nodes of
external damping elements.

We use displacement and potential approximationtfans in this form:

00

G f S o ) o o )

m=1r=1 m=1r=1
Ny =S z{ﬂj si{ﬂy} N,=3 S Eﬂj si@ﬂﬁ
m=1n=1 | b el Fl I b
¥ l D R(2) §L(2)

<

<

< . D R § L

[ :

Fig. 3. Three-layer plate with parallel RL-shunts

The input parameters of the plate are dimensiomgsipal and mechanical properties of
materials and shunt electrical parameters. Fundtaihemll input parameters are subject to
optimization, but are often limited to the mostesd&al, including shunts parameters, layer
thicknesses, and material properties. For multedagt structures the quantity of optimization
parameters can significantly increase.

In most cases to solve the problem of designingcgires working under dynamic loads
the nonlinear programming theory algorithms (NLR) ased.

With the increasing design complexity and the atweinnew materials, classic NLP
algorithms appeared ineffective due to the sigaifiancrease of the design parameters amount,
complication of constraints and complex optimizatoiteria, defined in most cases by software.
A significant drawback of classic NLP gradient aitjons is the complexity of calculating
derivatives of objective functions and constraiatsyvell as fundamental disposition to determine
only local extremum. These features interfered aodtinue to interfere with the broad
implementation of classic NLP algorithms in theiimad structures design practice.

This led to active development of the search methbdt use the principles of biology
and genetics in recent years.

First of all, these are the genetic algorithms [ith the basic idea to create a population
of individuals in form of chromosomes, containingngs representing a set of heritable
characteristics — design parameters. The besteoittividuals is selected in an evolutionary
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search in accordance with the adopted fitness ifumciThe evolutionary search process is
implemented by using operators, similar to the lybation, mutation, inversion biological
processes. The population is updated with eachidgtiog new and removing old individuals,
resulting in ever-improving population in terms cdmpliance with the fitness function
(objective function).

The justifications of using the binary alphabetettcode chromosomes, as well as many
respective methods that use pre-encoding and bafomosomes have appeared in the process
of developing genetic (evolutionary) algorithms][I4owever, as it turned out, the binary coding
has significant disadvantages when searching @hoonis spaces with required accuracy, typical
for problems of structural optimization. In thisgaed, the algorithms based on using
chromosomes as a set of real numbers have beentlyaddized for optimization in continuous
space. Such algorithms are called RGA (real-cod®du@like BGA (binary-coded GA) [14].

In this work, the RGA algorithm described in [18]used.

Examples of three-layer plate optimal parameterspegation. We considered three-layer
plate with input parameters:

— the plate dimensions=0,4m, 1= 0,4m;

— the outer layers thickne$s=0,001m.

Electro-viscoelastic material properties are giwemable.
Table
Material Properties

Coefficients Outer Ilgazy_(ra_rSMaterial Viscoelastic Middle Layer
cl1= (1+i0.001)199.201 Tt cl1= (1+i0.011183.448 &
c22= (1+10.001)199.201 & c22= (1+i0.01711.662 1t
c33= (1+i0.001)186.856 1t c33= (1+i0.01711.662 1%
cl2= (1+i0.001)154.016 & cl2= (1+i0.0174.368 1t

Elastic moduli c13= (1+i0.001750.778 & c13= (1+i0.01)74.368 1T
c23= (1+i0.001150.778 & c23= (1+i0.0173.918 1t
c44= (1+10.001)121.100 & c44= (1+10.0112.8701 It
c55= (1+i0.001721.100 X c55= (1+i0.0107.1701 1¥
c66= (1+i0.001)722.593 & c66= (1+i0.0107.170 1}

e31=-7.209](¥ i 0.00] e31=0.0
_ _ e32=-7.209](% i 0.00] €32=0.0
P'erﬁngnct”c e33=15.1181(k i 0.00] e33= 0.0
€24=12.32Z1(* i 0.00] e24= 0.0
el5=12.32Z](% i 0.00: el5=0.C

Z1= (1+i0.0017153.0 13° 71=153.0010°

Permittivity 722 = (1+10.001)0153.0 18° 722=153,07110°
733= (1+i0.001)7153.0 10° z33=153.0710°

Density g =6.8501C g=1.8501C

Some results of calculation and optimization dir@e-layer plate are shown in Fig. 4-6.
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We use the optimization method based on the gemaddmrithm [10] to determine the
optimal parameters of the plate by the maximum dagepriterion. Design parameters vector
is taken as

x=(h R L),
where h, — viscoelastic middle layer thickness (nR, — resistance @), L — inductance
(henry).

Design parameters constraints are:
Ib =[0,001 10 0,0, ub=[0,01 500 }.
The results of the calculation are: the objectivaction (decrement in the first mode)
A =0,532¢, frequencywl =1893,2, maximum amplitudea =1,092110° m.
Optimal design parameter vectonis=[0,0100 500,0000 0,36}.

i i :
365 370 375 380
@

Fig. 4. Frequency response on the first vibratidetg mode at zero inductance L and different rasisé R:
1-R=1Q;2-R=5Q;3-R=10Q;4-R=25Q;5-R=50Q ; 6 - R=100Q
In Fig. 5 the frequency responses for optimal desigd an arbitrary vector of design
parameters with decrement, first frequency and mawri amplitude A=0,3075,

«l=9958709, a=9,6087110° m respectively are shown.

i i
950 355 360

pe—y —
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

0]
Fig. 5. Frequency response for optimal (solid) aaddom (dashed) design parameters values
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In Fig. 6 damping vibrations graphs for two valoéslesign parameter vectors — optimum
and arbitrary are shown.
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Fig. 6. Damping oscillogram for two values of desfarameter vectors: a — arbitrary; b — optimal

Conclusions. Computational vibration equations of multilayeratels with layers of
viscoelastic and electro-viscoelastic materials abtained using the Fourier transform.
Damping devices (shunts) are used for additionakipa damping that can be employed to
create special damping networks.

It is shown that using finite-element models ofcéle-viscoelastic material structures in
the Fourier transform space allows to introduceifjed complex moduli for non-stationary
and multifrequency vibrations and to take the @hitonditions into account correctly. It is
necessary to use the optimal design methods ttecedfactive vibration-proof structures.
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